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Abstract

In the 21st century, many key macroeconomic variables in the developed world have
been persistently low, including inflation, output, growth, interest rates (both real and
nominal), and labor share. I consider a class of standard representative agent rational
expectations models in which fundamentals are deterministic and constant over time. I
show that for any level of nominal frictions (no matter how small) and for any monetary
policy rule (regardless of how active), there is a large set of stochastic equilibria that
exhibit permanently low inflation, low output, low labor share, and low nominal interest
rates. If the Phillips curve is sufficiently flat, then these equilibria also exhibit low

growth and real interest rates.

1 Introduction

In the 21st century, many key macroeconomic variables in the developed world have been

persistently low for a number of years, including:
e inflation (both expected and realized)

e output (both expected and realized)

*University of Rochester and NBER. I thank participants at a number of seminar presentations for their
comments.



e growth
e interest rates (both real and nominal)

In this paper, I consider a class of representative agent rational expectations models in which
fundamentals are deterministic and constant over time. I show that, as long as there are
any nominal frictions (no matter how small), then any monetary policy rule (regardless of
how active) gives rise to a large set of stochastic equilibria that exhibit the above proper-
ties. Real determinacy of equilibrium (which is assumed in nearly all academic and policy
macroeconomic analyses) is a property of a knife-edge set of models: those with zero pricing
frictions.

The class of models that I study has two important features. First, I use a broader
specification of nominal frictions than the standard one of costly price adjustment. The
formulation of nominal frictions implies that, as long as they are non-zero, any level of real
output is consistent with firm optimization. Second, I assume that firms can enter or exit
by paying a finite cost. I show that the possibility of firm exit imposes an upper bound on
output, but the possibility of firm entry fails to put a lower bound on (logged) aggregate
output. Together, these two model elements give rise to my core result: it is impossible for
central banks to eliminate the possibility of self-fulfilling stochastic equilibria with undesirably
low levels of inflation and economic activity.

There is a large 20th century literature on sunspots and real indeterminacy in monetary
economies that dates back at least to the classic work of Azariadis (1981) and Cass and Shell
(1983). Benhabib and Farmer (1999)’s essay in volume 1 of the Handbook of Macroeconomics
provides a thorough survey of the 20th century literature. In contrast, the thousands of pages
of Volume 2 of the Handbook of Macroeconomics (Taylor and Uhlig, 2016) have only scattered
and short references to equilibrium indeterminacy. The small number of references, as well
as their substance, suggest that macroeconomists now view real indeterminacy as a problem

that is being successfully avoided by wise governments through the use of appropriate policy



rules.

This paper extends the 20th century indeterminacy research in an important way. That
prior literature typically focused on showing that real indeterminacy is a property of a generic
class of models. This paper goes further and demonstrates the converse: real determinacy is a
property of a non-generic class of economic models - namely, those without nominal frictions.?
It follows that the conventional wisdom among 21st century macroeconomists - that real
indeterminacy and sunspots can be (and has been) eliminated by sagacious government
policy - is theoretically grounded in a knife-edge set of models.

Cochrane (2011, 2017) is also a skeptic of the 21st century consensus. He shows that in
log-linearized Calvo models, as long as fiscal policy is passive (in the sense of Leeper (1991)),
any monetary policy rule admits an enormous set of equilibria in which inflation and output
may either grow or fall explosively. There are two key differences between my analysis and
his. First, as is standard in Calvo models, he implicitly rules out the possibility of firm exit.
I show that the possibility of (costly) firm exit allows the central bank to eliminate unduly
high self-fulfilling inflation through active monetary policy rules. Second, I use a broader
notion of nominal frictions which allows for the possibility that equilibrium inflation stays
within a tight range, even though equilibrium output does not.?

The indeterminacy result in this paper can be seen as a generalization of Benhabib,
Schmitt-Grohe, and Uribe (2001). They show that the existence of a lower bound on the
nominal interest rate necessarily gives rise to an equilibrium in which inflation is constant at
a negative rate and perpetually below the central bank’s target level. Like them, I assume

that there is a lower bound on the nominal interest rate. However, the formulation of nominal

Farmer (2019a, 2019b) is an important exception to this consensus view. He describes a research agenda
(“Keynesian Search Theory”) with indeterminate steady-states. Unlike this paper, he dismisses the role of
nominal frictions and offers no explanation of the 21st century behavior of nominal variables like inflation.

2See Kocherlakota (2016) for a similar argument.

3More conjecturally, I suspect that Cochrane and I also differ in how we interpret our findings. I would
say: almost all macro models imply that there is (downwardly biased) real indeterminacy, and so this is an
important policy problem. I read Cochrane as instead saying: the New Keynesian models imply that there
is equilibrium indeterminacy, and that means that they are deficient models which should not be used for
policy purposes. But, as I say, this reading of Cochrane’s work is more tentative.



frictions in this paper implies that the low-inflation steady-state identified by Benhabib, et.
al. may fail to exist. My main result shows that, even in these cases, there is a plethora of

equilibria in which inflation and output are perpetually below target levels.

2 Model Elements

In this section, I describe the elements of the class of models that I use in the paper. The
basic elements of the models (representative agent, Dixit-Stiglitz monopolistic competition,
and monetary policy formulated in terms of an interest rate rule) are standard. However, I
allow firms to enter or exit by paying a (large) finite cost. In the next section, I explain what
[ mean by “nominal frictions” and why entry /exit costs imply that logged output is bounded

from above, but not from below.

2.1 Households

Consider an economy with a unit measure of households who live forever. Time is discrete

and the households maximize the expected value of:

> BT u(C) = v(N),0 < < 1

t=1

where C} is the consumption of a composite good in period ¢t and N, is labor in period t.

Here, I assume that:

" —U”,"U/,UH >0
lime_ou'(c) = o0

lime oot (¢) =0

and that the functions w,v are bounded from below by zero and from above by a finite

number.



The composite good consists of a measure v of consumption goods, indexed by 7, and is

defined as:

G = ( / (c(G) ), > 1
0

Each household’s consumption of each good j is bounded from below by zero.

2.2 Firms

Each consumption good j is produced in date ¢t by a monopolistically competitive firm that
lasts for one period. (Their one-period nature means that entry/exit decisions are static.) A
typical firm j has a technology at each date t that converts x units of labor into Az units
of consumption good j, for any x > 0, where A is a positive constant. The households own
equal shares of all firms.

Labor markets are competitive, and so, at each date, firms all hire workers at the same
wage W; (denominated in terms of dollars). Given that wage, firms simultaneously set prices
for their consumption goods in terms of dollars. The firms’ problems are identical, and so
they each choose the same price P; in equilibrium; that price is also the aggregate price level.
I define the gross inflation rate m; as P,/ P, .

Firms can exit (rather than producing) by paying a goods cost kgx;r > 0. A firm can
enter (as a monopolist in a new good) by paying a goods cost kgyrrr > 0. In the New
Keynesian literature, it is standard to set kgpxrr and kgpnrer equal to infinity. I instead let
kexir and kgnrer be large but finite, and focus on equilibria in which existing firms find it

optimal to not exit, and potential firms find it optimal to not enter.

2.3 Policy

Monetary policy works as follows. Each household is initially endowed with M dollars. Like
reserves at many central banks, money is interest-bearing. Specifically, at the beginning of

period (¢ + 1), a household that has M; dollars is paid (R(m, Y;) — 1)M; dollars. Here, the



interest rate rule R is an exogenous weakly increasing continuous function thats map period
t inflation and period ¢ output into a period ¢ gross nominal interest rate.

Finally, fiscal policy works as follows. The government’s only liability is interest-bearing
money. Let [M;}22, be an arbitrary (exogenous) sequence of positive real numbers. At each

date (¢ + 1), the government levies a lump-sum tax, in dollars, equal to:
(7, Yy) = (R(me, Y2) — 1)Mt + (Mt - Mt+1)

This (residually determined) tax ensures that the per-household level of nominal government
liabilities at the end of period (t + 1) is equal to M; ;.

There is an additional linkage between monetary and fiscal policy. I assume that the
(gross!) interest rate rule R is bounded from below by R,.;, > 0, and that the time path of

nominal government liabilities M satisfies:

limT%ooMT+l/<Rmin)T = 0. (1)

Note that, if the nominal interest rate lower bound R,,;, is below 1, then this restriction

requires the time path of nominal government liabilities to converge to zero exponentially.*

3 Equilibrium Conditions

In this economy, the exogenous monetary and fiscal policy are defined by (R, M). Given this
specification of policy, the endogenous equilibrium objects are (possibly stochastic) processes
(Y, W, P,m) that describe output, wages, prices, and inflation. In this section, I describe the

relevant equilibrium conditions with and without nominal frictions.

4Throughout, I abstract from the existence of physical currency as a non-interest-bearing liability in
positive supply that provides liquidity services. Adding currency would have two effects on the analysis.
First, assuming that it is costless to store currency, its existence means that the nominal interest rate lower
bound R,,;, cannot be lower than 1. Second, the welfare costs associated with inefficient provision of liquidity
would affect the choice of the government’s desired output and inflation.



The first three restrictions are independent of firm pricing. Inflation and prices are linked

by the usual definitional relationship:

Te41 = Pt+1/Pt

Households choose to supply labor at each date so as to satisfy the marginal condition:

U'(Y)W, = V' (Yi/A)P. (2)

Finally, their choices of consumptions at each date satisfy a sequence of Euler equations:

U'(Y2) = BR(m, V) Ey(U' (Yer) /i) (3)

Equilibrium processes must also satisfy a (necessary and sufficient) transversality con-
dition, which restricts the long-run present value of the households’ holdings of nominal
government liabilities to be zero. But this condition is automatically satisfied in equilibrium
through the joint restriction (1) on monetary and fiscal policy. In the language of Leeper
(1991), (1) implies that fiscal policy is passive. In the language of Woodford (1995), it implies

that fiscal policy is Ricardian.

3.1 Pricing Restriction without Nominal Frictions

At this point, we have three restrictions on four processes. To find the fourth restriction,
we need to turn to firm optimality (in terms of their pricing decisions). Suppose all firms
simultaneously choose their prices from the positive reals. Then, in any period ¢, firm j’s

price choice must maximize:

pi(pj/P)~" — Wi(p;/FPr) " /A



where P, is the choice of all other firms and:

Firm j's optimal choice is:

-y v(v/4)
P e

Since all firms are solving the same problem, the fourth equilibrium restriction takes the
form:

Y; — Yflex

where:

V(YT JA) (YT = A = 1)/

3.2 Nominal Frictions

We have seen that, in the absence of nominal frictions, the level of output is pinned down
by firm optimality. In the remainder of the paper, I instead consider the class of nominal

frictions that give rise to an equilibrium condition of the form:

m = I7(Y;) (4)

where II17¢ is a weakly increasing and continuous function, with a domain equal to the
positive reals.” In the rest of this subsection, I describe two simple justifications for (4):
money illusion and level-k firm thinking (Nagel (1995)). However, it is essential to keep in
mind that these are only two of many possible rationalizations for (4), and that the results
in the following section are valid for any of them. At the end of the subsection, I explain

why Calvo and other forms of price adjustment frictions are not sufficient to deliver (4).

5In Section 5, I describe the impact of incorporating empirically relevant lags into (4)



3.2.1 Money Illusion

In this subsection, I suppose that every firm j behaves suboptimally by setting its price
equal to a geometric weighted average of the best response to the prevailing nominal wage

an indexed version of last period’s price level:

P = (= 1/m) P

Here, 7 is an exogenous indexation parameter. If all firms choose their prices in this way,

then:
1= (A1 =1/n)"'Wy/P)"*(7P—1/Py))’
and so:
= (G (1= 1)) 75

The firms’ price-setting behavior implies that inflation is an increasing function of output Y;.
When 6 is near zero, inflation is highly responsive to the current level of output. However, for
any positive value of 8, all positive values of Y; are consistent with this model of firm pricing.
Hence, the slightest deviation from purely optimal firm behavior gives rise to a “Phillips

curve” on inflation and output.

3.2.2 Level k Firm Thinking

In the previous subsection, all firms behave suboptimally. In this subsection, all firms behave
optimally but believe that other firms are not behaving optimally.

Suppose firm j assumes that all other firms set their period ¢ prices equal to 7 F;,_1, where
7 is an exogenous parameter, and the level of output is Y;. ;Then firm j believes that the

nominal wage depends on output as follows:

viA) p

u' (Y1)



and its optimal pricing response is to set Pj; equal to:

(YA
(1= 1) A P

If every firm have these same beliefs about other firms, then inflation is:

(V/A)
= ((1 =1/n) ' —=LD)7.
Uv (( /77) u’(Y})A )ﬂ'
The above is a description of level 1 thinking. Now suppose each firm believe that all
other firms engage in level 1 thinking. Then each firm’s optimal price is:

GV (Yi/A)
(1—=1/n) W) TPy

This is an example of level 2 thinking. We can keep iterating in this fashion, so that if firms
engage in level k£ thinking:
V(Y A)
=((1-1 gLl ALY
Tt (( /77) U/(Y;)A ) @
As long as there is any deviation from common knowledge of rationality (so that & is finite
rather than infinite), there is a “Phillips curve” like relationship between inflation and output.

For high values of k, inflation is highly sensitive to output (so that the slope of the Phillips

curve is large in absolute value).

3.2.3 Why Not Calvo?

The restriction (4) is not consistent with the standard Calvo sticky price formulation. In the
Calvo model, the degree of price flexibility affects the set of outputs that is consistent with

firm optimality. In particular, if almost all firms can change their prices at each date, then
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they choose prices that give rise to aggregate demand that is close® to Y/ By way of
contrast, in what follows, near-frictionless pricing only affects the responsiveness of inflation
to output. It does not affect the set of outputs that are attainable in equilibrium.

What happens if we add Calvo elements (or other forms of price adjustment frictions) to
the above models of firm behavior described in Sections 3.2.1 and 3.2.27 The distribution
of lagged prices would affect current inflation. But it would still be true that firm pricing
behavior would not restrict the set of possible aggregate outputs. It is in this sense that (4)

represents a generalization of costly price adjustment frictions.

3.3 Asymmetric Effects of Entry and Exit

In this subsection, I describe the asymmetric effects of potential entry and exit on equilibrium
output. This asymmetry plays a key role in the results in Section 4.
The first observation is that potential exit generates a natural upper bound on output.

A firm’s equilibrium nominal profit, in any period t, is given by:

PY, - W,Y;/A

LLt
— PY,(1 - -1
Vi AB)

- Al S

Note that:

l/l:my*}ooY(l —

The basic idea here is that, to generate high levels of output, firms must pay high real wages
and so must earn highly negative profits.
Recall that firms can exit production in date t by paying a cost kgx;r > 0 in terms of

goods. Then, it is impossible for equilibrium output to exceed YY5, where YV? is the largest

61 thank Ivan Werning for explaining this feature of the Calvo model to me. Note that this property is
lost when the model is log-linearized.
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value of Y that satisfies:

(1- %(/YA)))Y > —kpxrr.

For this reason, I focus on equilibria that are uniformly bounded from above by YYZ. (As we
shall see, we can choose krx;r and YYB to be arbitrarily large, without affecting the results.)
It may seem like a similar argument should imply that the entry cost would ensure that
equilibrium output must be bounded away from zero. But that intuition turns out not to be
correct. It is true that:
v(Y/A)

lZmy_>0<1 — m) =1.

so that firm profit share is close to one when aggregate output is near zero. But firm profits,
when aggregate output is near zero, are given by:
v'(Y/A)

llmy_mY(]_ — m) = 0.

Firms are (naturally enough) making profits near zero when output is near zero. Throughout,
I assume that:
v(Y/A)

k'ENTER > maszoY(l — m)

so that there is no entry in equilibrium.

12



3.4 Summary

To sum up, an equilibrium is a stochastic process (Y, m, W, P) that satisfies the following

restrictions for t = 1,2, 3, ... :

A (Y)W, = (Y, /AP, 5)
() = Rl ) B (6)

m = TPO(Y)) ™)
Wt:_F)t/Pt_l,PO:]. (8)

Y, <YUP (9)

4 Results

In this section, I provide characterizations of equilibrium outcomes in the above class of
models. The main point of the analysis is that there is an asymmetry associated with mon-
etary policy. Active policy rules can eliminate above-target inflation equilibrium outcomes.
However, no monetary policy rule, active or passive, can keep beliefs from giving rise to
arbitrarily low equilibrium output.

Throughout the section, I consider a class of interest rate rules that satisfy the following
restriction:

Restriction 1: There exists a target level of output Y74% < YUB guch that:

ﬁR(HPC(YTAR), YTAR)
HPC’(YTAR)

=1 (10)

This restriction ensures that there is an equilibrium in which output is constant at the desired

target level.

Proposition 1. Suppose that the interest rate rule R satisfies Restriction 1. Then, there is

13



an equilibrium wn which:

}/}; — YTAR

T = HPC(yTAR)

% B U/(YTAR/A>
P, - u/(yTAR)

Pt:WtPt—lapozl

with probability one for all t > 1.

Proof. 1t is readily verified that (Y, r, P, W) satisfy the equilibrium conditions. n

4.1 The Lesson of the 1970s

In the 1970s, inflation was high in much of the developed world. Clarida, Gali, Gertler (2000)
present evidence that, in the United States, these outcomes were associated with the use of
passive monetary policy rules (in which the nominal interest rate responds less than one-for-
one with inflation). They also present evidence that the adoption of active monetary policy
rules was associated with the post-Volcker elimination of high-inflation outcomes. In this
subsection, I show that these characterizations of US monetary policy and macroeconomic

outcomes are consistent with this model.

4.1.1 Above-Target Inflation

I show first that interest rate rules that satisfy restriction 1 may admit many equilibria with

above-target inflation if those rules are passive in a neighborhood of the target level of output.

Proposition 2. Consider any interest rate rule R that satisfies restriction 1 such that:

BRAI™(Y),Y)
HPC(Y)

14



is strictly decreasing as a function of Y in a neighborhood of YTAE. Then, there exists a set

of equilibria such that Pr(m; > nTAR) =1 for all t.

Proof. In Appendix B. O]

4.1.2 Getting Rid of High Inflation

We can rule out equilibria with above-target inflation if the interest rate rule is active when

output is above target.

o: BRIFC(Y).Y)

qro(y) s strictly increasing for all Y > yTAR,

Restriction
Restriction 2 says that the interest rate rule is active for output at or above Y74% The
following proposition shows that, because of the upper bound on output, the requirement of

activeness implies that equilibrium output and inflation cannot exceed the target level.

Proposition 3. Suppose that the interest rate rule R satisfies Restrictions 1 and 2. Then,
in any equilibrium, Pr(Y, < YTAR) = Pr(m, < 7T48) = 1 for all t > 1. As well, in any

equilibrium in which Pr(Y; = YTAR) > (:

Pr(Y, =Y 8Y, = YTAR®) =1 w.p. 1 forall s > 1

Pr(mps = 7l 48w, = 774 =1 w.p. 1 for all s > 1.

Proof. In Appendix B. O

The key to the proof of this proposition is that, if Y; > Y7TAE the active interest rate
rule implies that there is a positive probability path along which the marginal utility of
consumption shrinks exponentially. But this implication violates the upper bound on output

- that is, it would lead firms to exit production.

4.2 Low Output Equilibria

In this subsection, I prove the main result in the paper: any interest rate rule that satisfies

Restriction 1 admits a large class of equilibria in which output is persistently below target.

15



The next proposition establishes the existence of deterministic equilibria with this property.
(Note that the proposition applies to all interest rate rules that satisfy Restriction 1, including

those that do not satisfy Restriction 2.)

Proposition 4. Consider any interest rate rule R that satisfies Restriction 1 and consider
any Y € (0,YTAR) Then, there is a deterministic equilibrium in which Y, =Y and Y; <

YTAR for all t > 2.

Proof. The function:
FY) =/ (Y)/m"(Y)

is strictly decreasing in Y. Hence, f is invertible; the domain of its inverse consists of the
positive reals.

Now define:
u' (V)
BR(ITFC(Y}), Yr)

Vi =[N
Suppose Y; < YTAR Then:

u'(Y) )
BR(IIPC(Y;), Yr)
u'(YTAR)
FRPO(Y,), V7))
ul<YTAR)
/BR(HPC(YTAR)’ YTAR>>
4 u/(YTAR)
=f (W)

Vi =Y

< f N

<

— YTAR

The penultimate step relies on the assumption that R and IT7¢ are both weakly increasing.

Since Y} < YTAE by induction all elements of the sequence (Y;)%, are less than YTAE,

16



The sequence (Y;)72, satisfies the Euler equation:

' (Yy) = f(Yer) BR(ITTC(Y:), V7)

' (Yeq1)

B A CCORD

We can complete the definition of the equilibrium using:

T, = I79(Y))

P = Prym, Py =1
_ hv'(Yi/4)

W,
w(Y)

]

The basic idea of Proposition 4 is that, given any period ¢ aggregate demand Y, < YTAE,
there is some belief about future Y;,; < YTAR that justifies that level of period ¢ demand.

The above proposition may remind some readers of the classic result of Benhabib, Schmitt-
Grohe, and Uribe (2001). For a wide class of models, those authors show that if the nominal
interest rate rule is bounded from below, then there are necessarily multiple steady-state
inflation rates. However, the formulation of nominal frictions in this paper implies that their
necessity result need not be valid. In particular, suppose the Phillips curve is sufficiently flat

that:
BR(IT"(Y),Y)

1
I1PC(Y) <

for all Y < YTAR (Note that this case, in which money pays a low real rate of return,
is currently the empirically relevant one in much of the developed world.) Then, there is
no steady-state in which inflation is constant and below target. Instead, the deterministic
equilibrium in Proposition 4 is characterized by inflation that is declining to an asymptotic

rate of limy _oIIFC(Y).

If the interest rate rule R is active in a neighborhood of Y74% then Proposition 4 can be

17



strengthened to show that there is a continuum of low-output equilibria that are perpetually
bounded away from Y747,

Corollary 1. Let R be any interest rate rule such that:

BRIIT(Y),Y)

- <1
IIPC(Y)

for some Y < YT4R_ Consider any Y € (0, }A/) Then, there is a deterministic equilibrium in

which Y, =Y andY;<§7f0r all t > 2.
Proof. The proof is the same as the proof of Proposition 4, with Y substituted for Y742, [

We can generalize Proposition 4 to show that, given any interest rate rule that satisfies
Restriction 1, there is a large class of stochastic equilibria in which output is always below

target.

Proposition 5. Consider any interest rate rule R that satisfies Restriction 1 and any Y €

(0, YTAR) Let € = (&,)%°, be any stochastic process that satisfies the restrictions:

E(&411€") =1 for all t and almost all &

u’(YTAR>BR(HPC(}/t), }/t)
HPC<YTAR)U/(K)

Pr(&. > B ) =1

where Yy is defined recursively as a function of the history & = (&2, ...,&):

u'(Yy) w' (Y1)

PO~ BROTO (Y1), Vi)

Yi=Y

Then the output process Y is part of an equilibrium and Pr(Y, < YTAR) =1 for all t > 1.

Proof. In Appendix B. n
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It is straightforward to show that, under mild conditions on the interest rate rule and
the Phillips curve, below target equilibrium output also implies that equilibrium inflation,

nominal interest rates and labor share are below target.

Proposition 6. Suppose that the interest rate rule R and the Phillips curve IITC are both
strictly increasing in a neighborhood of Y TAE. In an equilibrium (Y, 7, P, W) such that Pr(Y; <

YTARY > 0, it is also true that:

TAR) >0

Pr(m <m
W, _
We _ An—1)
B U

Pr(R(IIPY(Y,),Y;) < R(IIPC (Y TAR) yTARY) > ¢

Pr( )>0

Proof. The first two implications are immediate from the definition of equilibrium. The
last implication follows from the supposition that R(IIFC(Y),Y) is strictly increasing as a

function of Y in a neighborhood of YT4%, O]

4.3 Example Stochastic Equilibrium

In this subsection, I describe an example of a stochastic equilibrium in which output is
persistently below target. A key feature of the equilibrium is that the conditional downside
risk to output is larger when output is further below target.

I define T, = limy_olI7¢(Y) and assume that R, = limy oR(Tmin, Y ). Suppose
that the interest rate rule R satisfies:

BRAI"(Y)Y)) , Y
HPC(y) _h( YTAR>

where h is strictly increasing, h(1) = 1, and h(0) = BRuin/Tmin < 1. Then, let p be in (0, 1),

19



and define the following Markov chain, assuming that Y; < YTAR .

Pr(Yip =YY, =Y) =p

Pr(Yig =Y'(Y)Y; =Y)=1-p

Here, Y/(Y') is chosen so that:

L W(Y(Y)) TPOY)
nyjyany — 0 DT ey )y

Since h(Y /YTAR) < 1 when Y < YTAR Y/(Y) < Y. In this Markov chain equilibrium,
output either remains the same or transits to a new lower level. The size of the downward
step in output depends on Y;. If Y; is near Y742, then the conditional variance of Y, is

relatively small (because h(Y;/YT4E) is near 1). In contrast, if Y; is near zero, then the

Tmin

conditional variance of Y;,; is shaped by

4.4 Low Growth and Low Real Interest Rates

Propositions 4 and 5 show that there is a host of equilibria characterized by perpetually low
output. In this subsection, I show how a sufficiently high lower bound on the Phillips curve

implies that these results about levels translate into results about growth.

Proposition 7. Suppose that for all Y > 0, IPC(Y) > mpin > BRumin. Suppose too that

there exists Y* < YTAR such that the interest rate rule R satisfies

BROTC(Y™),Y™) < Toin

20



Consider a deterministic equilibrium (Y, m, P,W). If Y, < Y™ in period t,

Y /Ye <1
u'(Yy) 1

_— < .
pu'(Yern) B
Proof. The hypothesis is that, in period t, BR(II"Y(Y;),Y;) < Tmin. It follows that:

(YD) BROTPOY).Y) oY)

17 (Yy) Pe(y,) P (Yin)
u' (Y1)
I1PC (Yisn)
and so Y; > Y;.1, which implies the proposition. O]

The key to this proposition is an assumption about the slope of the Phillips curve: as Y
falls to zero, the Phillips curve is sufficiently flat that that the minimal attainable inflation

rate is higher than SR,,;,.

4.5 Summary

The propositions in this sections can be viewed as a sketch of the history of US monetary
policy and macroeconomic outcomes over the past fifty years (since the end of the Bretton
Woods monetary system). In the 1970s, US monetary policy was passive. The result was
unduly high inflation (Proposition 2). By following active monetary policy, the US has
eliminated high-inflation outcomes (Proposition 3).

However, there is no monetary policy rule that can eliminate the possibility of self-fulfilling
equilibria in which output is persistently low (Propositions 4 and 5). In these equilibria, the
nominal interest rate, inflation, and labor share are also persistently low (Proposition 6). If
the slope of the Phillips curve is near zero (as appears to be true empirically), then the real
interest rate and output growth are also low in these (deterministic) equilibria (Proposition

7).
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Section 4.3 provides an example of a stochastic low-output equilibrium in which the
conditional variance of output is low when it is close to target, and high when it is well below
target. We can use this example to interpret the Great Moderation (1985-2007) as a long

period of time in which output was both close to target and displayed little volatility.”

5 Comments

In this section, I comment on five aspects of the above analysis: adding lags to the Phillips
curve that links output and inflation, incorporating capital in the model, the exclusion of
expectations from the monetary policy rules under consideration, the testability of macroe-

conomic models with multiple equilibria, and the passive nature of fiscal policy.

5.1 Phillips Curve with Lags

In the model considered in this paper, the Phillips curve relationship between inflation and
output is static. Most estimated Phillips curves incorporate lagged inflation. This kind
of relationship can be motivated using the reasoning in Section 3.2 by assuming that the
benchmark inflation rate (7) in Sections 3.2.1 and 3.2.2 depends on last period’s inflation.

More formally, suppose that we replace the firm optimality restriction (4) with:

Ty = ﬂpc(}/t)ﬁ'(ﬂ't_l),t >1 (11)

= ﬂPC(}/l)ﬁ_(ﬂ_TAR)

where II and 7 are both weakly increasing and continuous functions. Suppose too that the

"In the 1970s, much of the developed world experienced high unemployment in conjunction with high
inflation. As is true of most models of that period, the framework in this paper can only account for these
“stagflationary” episodes by adding shifters of some kind (such as mark-up shocks) to II”C. However, it is
worth noting that the only restriction on II¥'¢ is weak monotonicity. Hence, inflation can be highly sensitive
to output when output is above Y74% (as seemed to be true in the 1970s) while simultaneously being highly
insensitive to output when ¥ < YTAR (as seems to be true today).

22



A

target inflation rate 774% and target output satisfy the consistency condition:

7TTAR

— [[PC(yTAR
7(nTAR) ( )

Then, we can prove the following version of Proposition 4.

Proposition 8. Suppose that the interest rate rule R satisfies the restriction that:

R (WTAR, YTAR)

B 1TAR =1

and suppose too that:

if 7 < 7TAR and Y < YTAE Then, in an economy with a lagged Phillips curve (11), and for

any Y € (0,YTAR) there is a deterministic equilibrium in which Y1 =Y and:

}/; < YTAR

T <

forallt=1,2,...

Proof. In Appendix B. O]

5.2 Incorporating Capital

In Appendix A, I extend the class of models to include capital. The extension is a standard
one: I allow households to substitute consumption for capital on a one-to-one basis, and I
assume the firms’ production function is Cobb-Douglas in capital and labor. I treat the case
in which the monetary policy rule specifies a constant and low real interest rate ro < 1/
when output is low. Under this assumption, I show that if the initial level of capital is

sufficiently low, there is a deterministic equilibrium in which output, capital, labor, and
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consumption all have the same constant non-positive growth rate.

The non-positivity of growth is a consequence of the assumption that there is no techno-
logical growth. With positive technological growth, we can re-state this result as saying that
there is a continuum of balanced growth paths. Along any of these paths, all real aggregate
variables (including labor input) have a constant growth rate that is no higher than the rate

of growth of the technological frontier.®

5.3 Rules with Expectations

It is common in macroeconomics to assume that central banks follow forward-looking interest
rate rules. For example, suppose that, at date ¢, the central bank knows that next period
output is governed by the random variable §~/t+1. Suppose too that it sets the nominal interest

rate according to the rule’

R(Y,, Vir) = u (YTAR) 51 (B 1)

t = )71-
I17€(Yi41)

Then, the Euler equation implies that the households’ period ¢ consumption must equal
yTAR

But the key presumption underlying these rules seems misplaced. How exactly is the
central bank supposed to know the households’ future choices (since they have not committed
to those choices)? Presumably, the households could respond to a survey of some kind (which
would be akin to allowing them to send messages to the central bank). However, the central
bank faces the usual problem with surveys (or messages to social planners for that matter):
there is nothing to ensure that the households’ responses about the conditional distribution

of future choices would align with their actual choices.

81t would be useful to also endogenize technological development, as in Benigno and Fornaro (2018).
9Adao, Correia, and Teles (2011) use these kinds of rules to ensure uniqueness.
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5.4 Testability

It is often argued that models that exhibit indeterminacy of equilibria lack empirical content.
That claim is not true of the models in this paper. For example, in any equilibrium, the

household labor supply condition:
W, (V)

P, w(Cy)

is satisfied in every date and state. This (strong) restriction is falsifiable (with data on
wages, prices, consumption, and labor), even without imposing the usual assumptions on

(u,v). Similarly, the model implies that:

m = IIPY(Y))

so that there is a nonlinear monotonic deterministic relationship between output and inflation.
The existence of such a relationship is again falsifiable using data on inflation and output.
This argument can be readily generalized. A model is a set of restrictions on observables.
These restrictions may not jointly isolate a unique equilibrium for each specification of exoge-
nous parameters. Nonetheless, as the above discussion illustrates, the restrictions typically

still have (a great deal of) evaluable empirical content.

5.5 Fiscal Theory of the Price Level?

In the class of models in this paper, the limiting present value of government liabilities
is assumed to be zero for any sequence of inflation rates. The intertemporal government
budget constraint (or equivalently the household transversality condition) plays no role in
the determination of equilibrium outcomes.

Can governments eliminate the low-inflation and low-output outcomes of the 21st century
through an active fiscal regime? Cochrane (2019) would say yes. Buiter and Sibert (2018)
would say no (because, in their view, active fiscal regimes are mis-specified). I remain firmly

agnostic. However, it is worth noting that the relevant commitment about fiscal policy has to
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do with its limiting behavior (at the end of time itself). It is not clear to me how governments

are supposed to make such long-term commitments credible.

5.6 Highly Persistent Effects of Monetary Policy?

In recent papers, Nakamura and Steinsson (2018) and Jorda, Singh, and Taylor (2020) find
evidence that monetary policy has long-run effects on the economy. Proposition 5 in this
paper suggests an explanation for their findings: agents could be using monetary policy
shocks as a co-ordination device among sunspot equilibria. According to this view, if the
central bank deviates in a surprising fashion from its rule, then the private sector could

respond by co-ordinating on a different continuation equilibrium.

6 Conclusions

Since the collapse of the Bretton Woods monetary system in 1971, the monies of the developed
world have been unbacked by any formal promise of convertibility. It might have been thought
that this lack of backing would lead to overly high inflation and inflation expectations. Indeed,
many countries experienced exactly this problem throughout the 1970s and 1980s. But
governments and academic economists learned a key monetary policy lesson in the last part
of the 20th century: even if currencies are unbacked, self-fulfilling bouts of unduly high
inflation can be eliminated through the use of active monetary policy rules.

The main message of this paper is that this monetary policy lesson does not work in the
opposite direction. I consider a large class of model economies that have a broader notion of
nominal frictions than costly price adjustment. In these economies, there is an upper bound
on logged output (imposed by the possibility of exit) but no lower bound. I show that, except
in the knife-edge case of zero nominal frictions, any monetary policy rule admits a wide class
of stochastic equilibria in which output and inflation are both perpetually below their desired

levels. The result provides a robust explanation for why much of the developed world has
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been marked by persistently low output and low inflation in the 21st century.

As I discussed in the introduction, the current consensus among macroeconomists is that
governments can (and do!) eliminate real indeterminacy through their choice of policy rules.
That consensus means that, as Lucas (2003) argued, macroeconomic policy should focus
mainly on the elimination of long-run supply-side distortions. The analysis in this paper
calls that consensus into question. The robustness of downwardly biased real indeterminacy
means that macroeconomic policymakers and macroeconomic researchers should be seeking
answers to the following question: How can governments use communication and their other
tools to ensure that economic actors co-ordinate beliefs and actions on desirable equilibria?
Answering this question is essential to ensuring better macroeconomic outcomes than those

experienced so far in the 21st century.
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Appendix A

In this appendix, I sketch what happens if we add capital to the models in Section 3. More

specifically, I assume that there is an accumulation technology of the form:

Cy+ Ky = (/yjl-fl/”dj)ﬂ + K (1 —0)

K1 - Kl
Firm j’s production technology takes the Cobb-Douglas form:

yie = Alk;)* (nj, ).

Jt

Here:

It is no longer true that consumption and output are equal. Hence, the equilibrium

restriction implied by the firms’ pricing behavior takes the form:
Ty = e (1/%)

where ¢y = (1 — 1/n)" ' (Ny) /u/(Cy) is the correct measure of the output gap in this model
with capital and IT17¢ is weakly increasing and continuous. Similarly, I define the interest
rate rule R as a weakly increasing and continuous function of (m, ;) rather than (m, Y;).

The upper bound on output in the earlier model now becomes an upper bound on ).
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In this extended model, the deterministic equilibrium conditions are:

Uy = ' (Ny) [u' (Cy) (12)

0(G) = BR(r v ) (13)
u'(Cr) = pu(Craa ) (1 = 6) + oY/ Ky) (14)
Ci+ K1 = AKPN 7+ (1 -0 Ky), Ky = K, (15)
m = 117 (4) (16)

mP,_y = P, (17)

W, = Py (18)

P < PUP (19)

We can use these equilibrium conditions to prove the following proposition for the case

of logarithmic utility:

Proposition 9. Suppose u(c) = In(c), and that there exists U such that, for all ¢ < W,

7€ () = Tomin and R(Tpmin, V) = Rumin. Suppose too that

Tmin

(1-90)<
Then, there exists K such that if initial capital K, € [0, K], then there is an equilibrium in
which output, capital, labor, and consumption share a constant nonpositive growth rate.

Proof. Define:

ro = Rmzn/ﬂ-mln

and define g = fry. In a constant-growth equilibrium, the capital-output ratio and consumption-

output ratio are constant at:
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(0
T0—1—|—5

t=(1—-06—gk+1

I
I

respectively. (The former relationship is an implication of the capital Euler equation, and
the second is an implication of the aggregate capital accumulation equation.) Pick the initial

level of capital K; so that:

~ 1 1 —

(&/k)K ' (k)aTATTK,) < U
and define K, = ¢K;, K1 = K;. Now, let:

Ct = (é//%>Kt
Y, = Ki/k

Ny = (l%)ﬁAﬁKt

Then, it is readily verified that:
(Ct7 Kt+17 1/;7 Nt)toil

satisfy the various equilibrium conditions with initial capital equal to K7, the nominal interest

rate equal to R,,;,, and inflation equal to m,,;,. O

Appendix B

In this appendix, I collect the remaining proofs (of Propositions 2, 3, 5, and 8).

30



Proof of Proposition 2

There exists € such that:
HPC(Y)

BROTO(Y)Y)

for all Y in (YTAR YTAR 4 ¢). Pick any Y; in (YT4% YTAR 1 ¢) and, given that Y7, recursively

define a sequence {Y;;5}2°, :

W) T (v
IPC(Yee) — BRPO(Y:), Vo) TPO(Y,)

Suppose Y; € (YTAR YTAR 4 ¢) Since % <1, Y <Y, As well:

W) (Y
IP¢(Yiy1)  BR(IIPC(Y,), YY)
< o'(¥;)
— BR(HPC (YTAR)’ YTAR)
u’(YTAR)

< HPC(YTAR)

and so Y, > Y742 By induction, we can conclude that all elements of the sequence are in
(YTAR’ YTAR + 6).

For each sequence, we can construct an equilibrium:

o =17°(Y),t =1,2,...

Pt :WtPt—lat: 1,2,...
"(Y;/A)P,
w, = LU DR
u'(Yy)

In this equilibrium, 7, > IIPC(YTAR) because Y; > YTAE,
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Proof of Proposition 3

Suppose Y; > YTAR with positive probability. Then, Restrictions 1 and 2 imply that:

BR(ITPC(Y,), V1)
HPC(y;)

> 1

in the event that Y; > YTAR Tt follows that there is a positive probability event in which:

W(Vip) _TTO() ()
TPO(Yi) = BRITPO(Y), ) TP

This implies that Y;.; > Y; in this event.
By induction, and using Restriction 2, we can show that for any s > 0, there is a positive
probability such that:

' (Yigs) ( e (v;) : u'(Yr)
7€ (Yies) = BRIIPC (Y1), Yy) " TIPC(Y2):

But there exists some s such that:

Wy D) w()
HPC(yUB) 6R(HPC(Yt),Y;) HPC(Yt)’

which implies that there is a positive probability that Y;,, > YUB. The first part of the
proposition follows from this contradiction.
Now suppose that there is a positive probability event in which Y; = Y74% In that event:

u/(yTAR)
HPC(yTAR)

' (Yig1)

=bB—.
IO (Vo)

and Y, < YTAR Together, these imply that Y, = Y74% The second part of the proposi-

tion then follows from induction.
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Proof of Proposition 5

We construct (¢,Y) inductively, starting with the assumption that ¥; < YT4F, Note that if

Y, < YT4E with probability one, then:

u'(YTAR)BR(HPC(S/t), }/t)
ﬂ HPC<YTAR)U/(Y;) )

u/(yTAR)ﬂR(HPC (Y*TAR)7 YTAR)
11PC (YTAR)U/(YD )

u'(YTAR)ﬂR(HPC (YTAR)’ YTAR)
HPC(YTAR)UI(YTAR) )

<p

<p

=1

with probability one. Hence, if ¥; < YTAR with probability one, it is possible to find &,
such that F(&,1|¢") =1 and:

v (YR BRI (Y:), Vi)
I1P°C(YTAR) (Y,

§e1 > B

with probability one. As well, the upper bound on &, implies

U/<Y;+1) u/(yTAR)
HPC(Y;-H) HPC(yTAR)

and Y, < YTAR with probability one.

Given the above process Y, we can define (7, P, W) as:

m =17°(Y))

Py =mP;

W, — Ptv’(Yt/A)‘
u'(Y)
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We can verify that (Y, 7, P,) is an equilibrium by checking that the Euler equation holds:

v (Yig1)

BRITC(Y,), K)Et(m

)

= UI(K)EIS&—H

= u/'(V}).

and noting that, since Pr(Y; < YT4%) with probability one, the upper bound on Y is also

satisfied.

Proof of Proposition 8

Since Y; < YTAR it follows that:
T = fIPC(Yl)fr(wTAR) < 7_rTAR'

Consider any period t in which Y; < Y74% and 1, < 774%. The Euler equation in period ¢

implies:
C(Y)R(r) _ ol (Vi)
== . (20)
BR(TQ,K) HPC(}/t_;'_l)
The left-hand side of (20) satisfies:
U/(Y;f)ﬁ(ﬂ't) u/(YTAR)ﬁ(ﬂTAR)
BR(m,Y;) = BR(xTAR YTAR)
u/(YTAR)
- ﬂPC(YTAR)
The right-hand side of (20) is strictly increasing in Y; ;. Hence, there is a unique Y;;; < YTAE

that satisfies the period ¢ Euler equation. Because m, < 774%  this level of output implies:

T4l = ﬂPC(Y;H)ﬁ(Wt) < gl4R,
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By induction, we can construct an equilibrium in which ¥; < Y74% in all dates and inflation

TAR ;

<7 in all dates.
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